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ABSTRACT

We characterize the maximal m-bounded extension of an arbitrary completely
regular Hausdorff space X. The other principal results are: Theorem. Let X
be a locally compact, g-compact non-compact space with no more than 2%°
zero-sets. Then assuming the continuum hypothesis, X — X can be written as
the union of 22%¢ pairwise disjoint, dense 8¢-bounded subspaces. Theorem. Let
X be a locally compact, g-compact metric space without isolated points. Then
both the set of remote points of #X and the complement of this set in fX—X
are No-bounded.

Introduction

All spaces are assumed to be completely regular Hausdorff spaces. Throughout
this paper we shall employ the notation and terminology of the Gillman-Jerison
text [3]. In particular, the symbol X denotes the Stone-Cech compactification of
the space X . The symbol [CH] preceding the statement of a theorem will indicate
that the continuum hypothesis (¥; = 2%°) is used in the proof of the theorem.
The cardinal 2*° will be denoted by the letter ¢. The cardinality of a set S will
be denoted by IS |

Let m be any cardinal number. In [4], the authors define a space X to be m-
bounded if every subset of X of cardinality no greater than m is contained in a
compact subset of X . In §1 we show that every space X has a maximal m-bounded
extension, and give a characterization of this extension. The other principal re-

sults in this paper are as follows:
2.7 TueoreM [CH]1. Let X be a locally compact, s-compact, non-compact

space with no more than ¢ zero-sets. Then X — X can be written as the union

of 5 disjoint, dense Ny-bounded subspaces.
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3.5 TueorREM. Let X be a locally compact, a-compact metric space without
isolated points. Then both the set of remote points of BX and the complement
of this set in BX — X are Ny-bounded spaces.

1. The maximal m-extension of a space
The following result of van der Slot and Herrlich appears as a corollary to
Theorem 1 of [5].

1.1 THEOREM. Let 2 be a topological property with the following properties:

(a) If each member of a family J of spaces has &, then the product space
Iy . gF has &.

(b) If X has & and S is a closed subspace of X, then S has Z.

(¢} Compact spaces have Z.
Then for each space X there exists a unique ‘‘maximal P-extension’ of X,
denoted by yX, with the following properties

(1) 79X contains a dense copy of X

) X has &

(3) If Yhas # and if f: X — Y is continuous, then f can be continuously ex-
tended to a function f7:yX - Y.

1.2 CorOLLARY. Every space X has a maximal m-bounded extension mX.

Proor. Lemma 4 of [4] says that m-boundedness has property (a) of the above
theorem, and it is obvious that m-boundedness has properties (b) and (c) also.

1.3 THeOREM. The space mX can be identified with the set S of all points
of BX that belong to the fX-closure of some subset of X of cardinality no greater
than m (m is assumed to be infinite).

ProOF. Let T be a subset of S of cardinality no greater than m. For each
pe T there exists a subset A(p) of X such that lA(p)l < m and peclgyA(p).
Thus

T < U clgxA(p) € clgy U A(p)
peT

peT

But | UpETA(p)] Sm-m=m and so CIﬂX[UpeTA(p)] € §. Hence clgTis
compact and so S is m-bounded.

Let Y be m-bounded, and let f: X — Y be continuous. Thus / maps X into fY
and so there exists a continuous map f*: BX — BY whose restriction to X is f
([3], 6.51). Let f* l S = f7. To prove that property (3) of Theorem 1.1 holds,



252 R. GRANT WOODS Israel J. Math.,

it suffices to show that f[S] < Y. Let D be a subset of X of cardinality no greater
than m, and let peclyyD . Now f?[cl;xD] < clgy f[D] as f# is continuous. How-
ever, | f[D]l < m and so clyf[D] is compact. Thus clsyf[D] = clyf[D] € Y,
and so f'(p)e Y. Thus f’[S] = Y, and the theorem follows.

2. A decomposition of fX—X

The principal result in this section is Theorem 2.7, which is stated in the intro-

duction.
Recall that a point y of the space Y is called a P-point of Y if every G;-set of Y

that contains y is a neighborhood of y. A discussion of P-points can be found
in [3]. It has been proved in Theorem 4.2 of [8] that, assuming the continuum
hypothesis, SN — N contains a dense set of 2° P-points (N denotes the countable
discrete space). The following result is an immediate consequence of this and
of problems 9.D.1 and 9.M.2 of [3].

2.1 TaeoreM [CH]. Let X be locally compact, realcompact, and non-compact.
Then every non-empty open subset of BX — X contains 2° P-points of fX — X .

2.2 NotaTiON. Let us denote the family of zero-sets of X by Z(X). If 4 is
a closed subset of the space X , we shall denote the set (cljxA) — X by the symbol
A* . In particular, X* = X — X. Finally, P(X) will denote the set of P-points
of the space X .

Recallthat a space X is called an F-space if every cozero-set of X is C*-embedded
in X . F-spaces are discussed in chapter 14 of [3].

2.3 LEMMA. Let Y be a compact F-space, and let D be a set of P-points of Y.
Let S be the set of all points of Y that are in the Y-closure of some countable
subset of D. Then both S and Y— S are ¥Ny-bounded.

Proor. The proof that S is ¥y-bounded is identical to the proof used in 1.3
to show that mX is m-bounded.

Suppose that Y— S is not Ny-bounded. Then there exists a countable subset
A of Y— S such that SNclyA £ @. It follows from the definition of S that there
exists a countable subset E of D such that clyEN clyA # 8. Since clyEc S
we have ANCcl,E = @. As each point of E is a P-point of Y, no point of E is
the limit point of a countable subset of ¥, and so ENclyAd = ¢@. Thus E and 4
are disjoint closed subsets of the countable space E U A, and hence are disjoint
zero-sets of EVU A. But EUA is C*-embedded in the compact F-space Y by
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problem 14.N.5 of [3]; hence by theorem 6.9(a) of [3] it follows that cly(E U A4)
= B(EU A). Theorem 6.5 IV of [3] says that disjoint zero-sets of the space X
have disjoint closures in fX; thus clyENcly4d = @, which is a contradiction.
Thus Y— S is &y-bounded.

2.4 DermITION. Let #” be a non-empty family of subsets of a space Y. Then
¥ is called a P-family of Yt is satisfies the following two conditions:

(i) Each member of #” is a dense subset of Y consisting of ¥; P-points of Y.

(i) Distinct members of #  are disjoint.

2.5 TuroreM [CH]. Let X be locally compact, realcompact and noncompact,
and let ]ff(X)l = c¢. Then there exists a P-family of X* whose cardinality
is 2°.

PROOF. Since |EZ(X)] = ¢, the family B = {X* — Z*: Ze Z(X)} has cardi-
nality c. It follows from theorem 6.5(b) of [3] that B forms a base for the open
subsets of X*, and hence by 2.1 we can find a dense subset D of &; P-points
of X*. Hence there is at least one P-family of X* (namely {D}).

Let & be the collection of all P-families of X*, and order & by inclusion.
The partially ordered set & contains a maximal chain %, and it is easy to see
that § = Jw c? is a P-family of X*. We claim that || = 2°.

Suppose that [E}l < 2°, As each set belonging to & contains N, points, it is
evident that the set S = UFeSF contains ¥, - 13! points, and obviously
N, - |§l <2°. Let (Cp)p<o, be an indexing of B (w, is the first uncountable
ordinal). By 2.1 C, contains 2° P-points, so we can select p,e[Cy, N P(X*)]
—S. Let y be a countable ordinal, and for each B < y, suppose we have
selected pye[C,NP(X*)] — [S U {Puta<sl- As | S U{pglsey] <25 by 2.1 we
can find p,e[C, UP(X*)] —[S U {pslp<,]- Let D = (Pplg<w,. Then § U {D}
is a P-family of X*, and ¥ U {§ U {D}}is a chain in & properly containing % .
This contradicts the maximality of ¢, and so Iﬁ | =2°.

2.6 Lemma. Let (X,), be a family of m-bounded subspaces of a space Y.
Then (),X, is a m-bounded subspace of Y.

Proor. Trivial.
We can now prove Theorem 2.7 as stated in the introduction.

ProOF OF 2.7. As o-compact spaces are Lindeldf and hence realcompact, by
2.5 we can find a P-family § of X* with [3 | = 2°, Let = denote the first ordinal
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of cardinality 2°, and set § = (F,),<y. For each a <X, let S, be the set of all
points of X* that are in the X*-closure of some countable subset of F,. Evidently
S, is N,-bounded. Since X is locally compact, g-compact, and non-compact,
it follows from theorem 14.27 of [3] that X* is a compact F-space. If o # f
then S,NF; = @ as no point of Fy is a limit point of any countable subset of
F, (each point of F; being a P-point of X*). As X* — §, is ¥,-bounded by 2.3,
it follows that X*-closures of countable subsets of Fy are disjoint from S,, and
so S,NS; = @. Thus (S,),<x is a family of 2° pairwise disjoint No-bounded
subspaces of X*.

Consider the space H = X* — ( J;<,<5S,. Evidently F, < H so H is dense

in X*, By 2.3 X* — S, is Ny-bounded for each o, and hence by 2.6 H is ¥,-
bounded. Thus (S,); <,<x Y {H} is the desired decomposition of X*.

2.7 REMARK. M. E. Rudin has shown in [7] that there are non-P-points
of N* that are not limit points of any countable set of P-points of N*. Hence
if X = N in the above theorem, it is evident that | J,<zS, # N*.

3. The remote points of SX.

3.1 DEerINITION. A point pe X is called a remote point of fX if p is not in
the pX-closure of any discrete subspace of X.

Remote points were first defined by Fine and Gillman [2], who demonstrated,
assuming the continuum hypothesis, the existence of a set of remote points in
BR that is dense in R* (R denotes the space of real numbers). Plank [6] bas char-
acterized the remote points of X in the case where X is a separable metric space
without isolated points. The following result is a combination of theorems 5.4
and 5.5 of [6].

3.2 TuEOREM. (Plank). If X is a locally compact, -compact, non-compact

metric space without isolated points, then the set of remote points of BX is
precisely the set

() [X* - (bdx2)*],

ZeZ(X)
where bdxZ denotes the topological boundary (in X) of Z. Assuming the con-
tinuum hypothesis, the remote points of X form a dense subset of X* of cardi-
nality 2°.
We shalldenote the set of remote points of X by T(X*). Obviously T(X*) = X*
We wish to show that both T(X*) and X* — T(X*) are N,-bounded spaces.
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To do this, we need some information concerning the structure of locally com-
pact, o-compact spaces. The following result is well known; see, for example,
page 241 of [1].

3.3 TurorReM. A locally compact, o-compact space can be written in the
form U;‘,":OV,,, where for each n, V, is open in X and clyV, is compact and

contained in V,¢q.

The symbol “‘¥,”’ will henceforth be used with the above meaning.
The following lemma also appears in [9].

3.4 LemMA. Let (A, v be a sequence of closed subsets of the locally com-
pact, g-compact space X . For each ne N define the non-negative integer k, by

k, = min{je N:4,NV; # 8}.
If lim,_, ok, = ©, then U,,ZOA,, is closed in X.

Proor. Letp eclx(U ®_oA,) and let U be an open subset of X containing p.
There exists ieN such that peV¥; thus (UNnWN(|JZo4,) # 8. As
lim,, .k, = o0, there exists me N such that n > m implies 4,NV; = #. Thus
Wnv)N(Jmrod,) # 8, and so Un(Urod) # 8. As U was an ar-
bitrary open set containing p, it follows that p belongs to the closed set U oA,
and so pe (i 4,. Thus [ J7=0 4, is closed.

We are now in a position to prove Theorem 3.5, which is stated in the intro-
duction. Recall that X is locally compact if and only if X —X is compact.

PROOF OF 3.5. We first prove that T(X*) is Np-bounded. Let D = (p), ey
be any countable subset of T(X*), and let=/(p,) be the z-ultrafilter on X asso-
ciated with p, (see [3], chapter 6). Put § = [)7=0/ (p) and set K = (") .oF*.
Then p, € F* for each ne N and each Fe, and so D is a subset of K, which is
closed in the compact space X* and hence is compact. It thus suffices to show
that K < T(X*). Suppose that g ¢ T(X*). By 3.2 there exists a closed nowhere
dense subset Z of X such that g € Z*. Since p, is a remote point, it follows that
Z ¢sZ (p,) for each ne N, and so we can choose A, € &/ (p,) such thatZn 4, = ¢.
Since cl,V, is compact, we can without loss of generality assume that 4, = X — ¥,
for each ne N (see (3.3)). It follows from 3.4 that U 20d; is closed in X. As
closed subsets of metric spaces are zero-sets and as 4, S U,“; od;foreachneN,
evidently U?’:O A;ef. Thus K < (U 2od)*. But Zn (U‘?:OAi) = g so
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by 6.5(IV)of[3] we have Z* m(U 2oA)* = 8. Thusq ¢ Kandso K € T(X*).

We next prove that X* — T(X*) is X,-bounded. Let D = (p,), .ybe a count-
able subset of X* — T(X*). Using 3.2 we can, for each ne N, find a closed no-
where dense subset Z, of X such that p,e Z,*, and without loss of generality
we can assume that Z, < X — V,, since clyV, is compact. It follows from 3.4
that ( Ji%0Z; is closed, and obviously p,e((JiZ¢Z)* for each neN. Thus
cly.D = (U 20Z)*. Applying the Baire category theorem to the locally compact
space X, we see that intx(U 2oZ) = @; thus by 3.2 we have

(Uzy* = x* — 1(xX».
i=0
Hence cly. D is a compact subset of X* — T(X*).
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